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Lectures On Functional Equations And Their
Applications
Marek Kuczma was born in 1935 in Katowice, Poland, and died there in 1991. After
finishing high school in his home town, he studied at the Jagiellonian University in
Kraków. He defended his doctoral dissertation under the supervision of Stanislaw
Golab. In the year of his habilitation, in 1963, he obtained a position at the Katowice
branch of the Jagiellonian University (now University of Silesia, Katowice), and worked
there till his death. Besides his several administrative positions and his outstanding
teaching activity, he accomplished excellent and rich scientific work publishing three
monographs and 180 scientific papers. He is considered to be the founder of the
celebrated Polish school of functional equations and inequalities. "The second half of
the title of this book describes its contents adequately. Probably even the most devoted
specialist would not have thought that about 300 pages can be written just about the
Cauchy equation (and on some closely related equations and inequalities). And the
book is by no means chatty, and does not even claim completeness. Part I lists the
required preliminary knowledge in set and measure theory, topology and algebra. Part
II gives details on solutions of the Cauchy equation and of the Jensen inequality [...], in
particular on continuous convex functions, Hamel bases, on inequalities following from
the Jensen inequality [...]. Part III deals with related equations and inequalities (in
particular, Pexider, Hosszú, and conditional equations, derivations, convex functions of
higher order, subadditive functions and stability theorems). It concludes with an
excursion into the field of extensions of homomorphisms in general." (Janos Aczel,
Mathematical Reviews) "This book is a real holiday for all the mathematicians
independently of their strict speciality. One can imagine what deliciousness represents
this book for functional equationists." (B. Crstici, Zentralblatt für Mathematik)
This volume presents cutting edge research from the frontiers of functional equations
and analytic inequalities active fields. It covers the subject of functional equations in a
broad sense, including but not limited to the following topics: Hyperstability of a linear
functional equation on restricted domains Hyers–Ulam’s stability results to a three point
boundary value problem of nonlinear fractional order differential equations Topological
degree theory and Ulam’s stability analysis of a boundary value problem of fractional
differential equations General Solution and Hyers-Ulam Stability of Duo Trigintic
Functional Equation in Multi-Banach Spaces Stabilities of Functional Equations via
Fixed Point Technique Measure zero stability problem for the Drygas functional
equation with complex involution Fourier Transforms and Ulam Stabilities of Linear
Differential Equations Hyers–Ulam stability of a discrete diamond–alpha derivative
equation Approximate solutions of an interesting new mixed type additive-quadraticquartic functional equation. The diverse selection of inequalities covered includes Opial,
Hilbert-Pachpatte, Ostrowski, comparison of means, Poincare, Sobolev, Landau, PolyaOstrowski, Hardy, Hermite-Hadamard, Levinson, and complex Korovkin type. The
inequalities are also in the environments of Fractional Calculus and Conformable
Fractional Calculus. Applications from this book's results can be found in many areas of
pure and applied mathematics, especially in ordinary and partial differential equations
and fractional differential equations. As such, this volume is suitable for researchers,
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graduate students and related seminars, and all science and engineering libraries. The
exhibited thirty six chapters are self-contained and can be read independently and
interesting advanced seminars can be given out of this book.
This volume covers the topic in functional equations in a broad sense and is written by
authors who are in this field for the past 50 years. It contains the basic notions of
functional equations, the methods of solving functional equations, the growth of
functional equations in the last four decades and an extensive reference list on
fundamental research papers that investigate the stability results of different types of
functional equations and functional inequalities. This volume starts by taking the reader
from the fundamental ideas to higher levels of results that appear in recent research
papers. Its step-by-step expositions are easy for the reader to understand and admire
the elegant results and findings on the stability of functional equations. Request
Inspection Copy
On Applications and Theory of Functional Equations focuses on the principles and
advancement of numerical approaches used in functional equations. The publication
first offers information on the history of functional equations, noting that the research on
functional equations originated in problems related to applied mathematics. The text
also highlights the influence of J. d'Alembert, S. D. Poisson, E. Picard, and A. L.
Cauchy in promoting the processes of numerical analyses involving functional
equations. The role of vectors in solving functional equations is also noted. The book
ponders on the international Fifth Annual Meeting on Functional Equations, held in
Waterloo, Ontario, Canada on April 24-30, 1967. The meeting gathered participants
from America, Asia, Australia, and Europe. One of the topics presented at the meeting
focuses on the survey of materials dealing with the progress of approaches in the
processes and methodologies involved in solving problems dealing with functional
equations. The influence, works, and contributions of A. L. Cauchy, G. Darboux, and G.
S. Young to the field are also underscored. The publication is a valuable reference for
readers interested in functional equations.
No books dealing with a comprehensive illustration of the fast developing field of
nonlinear analysis had been published for the mathematicians interested in this field for
more than a half century until D. H. Hyers, G. Isac and Th. M. Rassias published their
book, "Stability of Functional Equations in Several Variables". This book will
complement the books of Hyers, Isac and Rassias and of Czerwik (Functional
Equations and Inequalities in Several Variables) by presenting mainly the results
applying to the Hyers-Ulam-Rassias stability. Many mathematicians have extensively
investigated the subjects on the Hyers-Ulam-Rassias stability. This book covers and
offers almost all classical results on the Hyers-Ulam-Rassias stability in an integrated
and self-contained fashion.
Lectures on Functional Equations and Their ApplicationsCourier Corporation

The book provides the reader with the different types of functional equations that
s/he can find in practice, showing, step by step, how they can be solved. A
general methodology for solving functional equations is provided in Chapter 2.
The different types of functional equations are described and solved in Chapters
3 to 8. Many examples, coming from different fields, as geometry, science,
engineering, economics, probability, statistics, etc, help the reader to change
his/her mind in order to state problems as functional equations as an alternative
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to differential equations, and to state new problems in terms of functional
equations or systems. An interesting feature of the book is that it deals with
functional networks, a powerful generalization of neural networks that allows
solving many practical problems. The second part of the book, Chapters 9 to 13,
is devoted to the applications of this important paradigm. The book contains
many examples and end of chapter exercises, that facilitates the understanding
of the concepts and applications. · A general methodology for solving functional
equations is provided in Chapter 2. · It deals with functional networks, a powerful
generalization of neural networks. · Many examples, coming from different fields,
as geometry, science, engineering, economics, probability, statistics, etc,
illustrate the concept of functional equation. · Functional equations are presented
as a powerful alternative to differential equations. · The book contains end of
chapter exercises.
Functions and their properties have been part of the rigorous precollege
curriculum for decades. And functional equations have been a favorite topic of
the leading national and international mathematical competitions. Yet the subject
has not received equal attention by authors at an introductory level. The majority
of the books on the topic remain unreachable to the curious and intelligent
precollege student. The present book is an attempt to eliminate this disparity. The
book opens with a review chapter on functions, which collects the relevant
foundational information on functions, plus some material potentially new to the
reader. The next chapter presents a working definition of functional equations
and explains the difficulties in trying to systematize the theory. With each new
chapter, the author presents methods for the solution of a particular group of
equations. Each chapter is complemented with many solved examples, the
majority of which are taken from mathematical competitions and professional
journals. The book ends with a chapter of unsolved problems and some other
auxiliary material. The book is an invaluable resource for precollege and college
students who want to deepen their knowledge of functions and their properties,
for teachers and instructors who wish to enrich their curricula, and for any lover of
mathematical problem-solving techniques. In the interest of fostering a greater
awareness and appreciation of mathematics and its connections to other
disciplines and everyday life, MSRI and the AMS are publishing books in the
Mathematical Circles Library series as a service to young people, their parents
and teachers, and the mathematics profession.
Functional Equations, Inequalities and Applications provides an extensive study
of several important equations and inequalities, useful in a number of problems in
mathematical analysis. Subjects dealt with include the generalized Cauchy
functional equation, the Ulam stability theory in the geometry of partial differential
equations, stability of a quadratic functional equation in Banach modules,
functional equations and mean value theorems, isometric mappings, functional
inequalities of iterative type, related to a Cauchy functional equation, the median
principle for inequalities and applications, Hadamard and Dragomir-Agarwal
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inequalities, the Euler formulae and convex functions and approximate algebra
homomorphisms. Also included are applications to some problems of pure and
applied mathematics. This book will be of particular interest to mathematicians
and graduate students whose work involves functional equations, inequalities
and applications.
Numerous detailed proofs highlight this treatment of functional equations.
Starting with equations that can be solved by simple substitutions, the book then
moves to equations with several unknown functions and methods of reduction to
differential and integral equations. Also includes composite equations, equations
with several unknown functions of several variables, vector and matrix equations,
more. 1966 edition.
Provides engineers and applied scientists with some selected results of
functional equations and their applications, with the intention of changing the way
they think about mathematical modelling. Many of the proofs are simplified or
omitted, so as not to bore or confuse engineers. Functional equati
The theory of functional equations has been developed in a rapid and productive
way in the second half of the Twentieth Century. This is due to the fact that the
mathematical applications increased the number of investigations of newer and
newer types of functional equations. At the same time, the self-development of
this theory was also very fruitful. The material of this volume reflects very well the
complexity and applicability of the most active research fields. The results and
methods contained give a representative crossection of what is recently
happening in the theory of functional equations.
J. Aczél: Some applications of functional equations and inequalities to
information measures.- J.A. Baker: Functional equations in vector space, part II.I Fenyo: Sur les équations distributionnelles.- B. Forte: Applications of functional
equations and inequalities to information theory.- S. Golab: Sur l’équation
fonctionnelle des brigade.- E. Hille: Mean-values and functional equations.- J.
Kampé de Feriet: Applications of functional equations and inequalities to
information theory. Measure of information by a set of observers: a functional
equation.- M. Kuczma: Convex functions.- S. Kurepa: Functional equations on
vector spaces.- E. Lukacs: Inequalities and functional equations in probability
theory.- M.A. McKiernan: Difference and mean-value type functional equations.T.S. Motzkin: Solutions of differential and functional inequalities.- C.T. Ng:
Uniqueness theorems in the theory of functional equations and related
homotopy.- A.M. Ostrowski: Integral inequalities.- H. Schwerdtfeger: Remark on
an inequality for monotonic functions.
Functional Equations and Inequalities with Applications presents a
comprehensive, nearly encyclopedic, study of the classical topic of functional
equations. This self-contained monograph explores all aspects of functional
equations and their applications to related topics, such as differential equations,
integral equations, the Laplace transformation, the calculus of finite differences,
and many other basic tools in analysis. Each chapter examines a particular family
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of equations and gives an in-depth study of its applications as well as examples
and exercises to support the material.
This treatise deals with modern theory of functional equations in several variables
and their applications to mathematics, information theory, and the natural,
behavioural and social sciences. The authors have chosen to emphasize
applications, though not at the expense of theory, so they have kept the
prerequisites to a minimum.
This book illustrates the basic ideas of regularity properties of functional
equations by simple examples. It then treats most of the modern results about
regularity of non-composite functional equations of several variables in a unified
fashion. A long introduction highlights the basic ideas for beginners and several
applications are also included.
Recently I taught short courses on functional equations at several universities
(Barcelona, Bern, Graz, Hamburg, Milan, Waterloo). My aim was to introduce the
most important equations and methods of solution through actual (not artifi cial)
applications which were recent and with which I had something to do. Most of
them happened to be related to the social or behavioral sciences. All were
originally answers to questions posed by specialists in the respective applied
fields. Here I give a somewhat extended version of these lectures, with more
recent results and applications included. As previous knowledge just the basic
facts of calculus and algebra are supposed. Parts where somewhat more
(measure theory) is needed and sketches of lengthier calcula tions are set in fine
print. I am grateful to Drs. J. Baker (Waterloo, Ont.), W. Forg-Rob (Innsbruck,
Austria) and C. Wagner (Knoxville, Tenn.) for critical remarks and to Mrs. Brenda
Law for care ful computer-typing of the manuscript (in several versions). A note
on numbering of statements and references: The numbering of Lemmata,
Propositions, Theorems, Corollaries and (separately) formulae starts anew in
each section. If quoted in another section, the section number is added, e.g.
(2.10) or Theorem 1.2. References are quoted by the last names of the authors
and the last two digits of the year, e.g. Daroczy-Losonczi [671. 1 1. An
aggregation theorem for allocation problems. Cauchy equation for single-and
multiplace functions. Two extension theorems.
This book outlines the modern theory of functional equations and inequalities in
several variables. It consists of three parts. The first is devoted to additive and
convex functions defined on linear spaces with semilinear topologies. In the
second part, the problems of stability of functional equations in the sense of UlamHyers-Rassias and in some function spaces are considered. In the last part, the
functional equations in set-valued functions are dealt with — for the first time in the
mathematical literature. The book contains many fresh results concerning those
problems.
This handbook consists of seventeen chapters written by eminent scientists from the
international mathematical community, who present important research works in the
field of mathematical analysis and related subjects, particularly in the Ulam stability
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theory of functional equations. The book provides an insight into a large domain of
research with emphasis to the discussion of several theories, methods and problems in
approximation theory, analytic inequalities, functional analysis, computational algebra
and applications. The notion of stability of functional equations has its origins with S. M.
Ulam, who posed the fundamental problem for approximate homomorphisms in 1940
and with D. H. Hyers, Th. M. Rassias, who provided the first significant solutions for
additive and linear mappings in 1941 and 1978, respectively. During the last decade the
notion of stability of functional equations has evolved into a very active domain of
mathematical research with several applications of interdisciplinary nature. The
chapters of this handbook focus mainly on both old and recent developments on the
equation of homomorphism for square symmetric groupoids, the linear and polynomial
functional equations in a single variable, the Drygas functional equation on amenable
semigroups, monomial functional equation, the Cauchy–Jensen type mappings,
differential equations and differential operators, operational equations and inclusions,
generalized module left higher derivations, selections of set-valued mappings,
D’Alembert’s functional equation, characterizations of information measures,
functional equations in restricted domains, as well as generalized functional stability
and fixed point theory.
Many books have been written on the theory of functional equations, but very few help
readers solve functional equations in mathematics competitions and mathematical
problem solving. This book fills that gap. Each chapter includes a list of problems
associated with the covered material. These vary in difficulty, with the easiest being
accessible to any high school student who has read the chapter carefully. The most
difficult will challenge students studying for the International Mathematical Olympiad or
the Putnam Competition. An appendix provides a springboard for further investigation
of the concepts of limits, infinite series and continuity.
Functional equations provides mathematics teachers with an introduction to elementary
aspects of functional equations. These equations are linked to function in various topics
of the senior secondary mathematics curriculum including transformations, identities
difference equations and mathematical modelling.
Approach your problems from It isn't that they can't see the right end and begin with the
solution. It is that they the answers. Then one day, can't see the problem. perhaps you
will find the G.K. Chesterton. The Scandal of final question. Father Brown 'The Point of
a Pin' . 'The Hermit Clad ~n Crane Feathers' in R. van Gulik's The Chinese Haze
Murders. Growing specialization and diversification have brought a host of monographs
and textbooks on increasingly specialized topics. However, the "tree" of knowledge of
mathematics and related fields does not grow only by putting forth new branches. It
also happens, quite often in fact, that branches which were thought to be completely
disparate are suddenly seen to be related. Further, the kind and level of sophistication
of mathe matics applied in various sciences has changed drastically in recent years:
measure theory is used (non-trivially) ~n re gional and theoretical economics; algebraic
geometry interacts with physics; the Minkowsky lemma, coding theory and the structure
of water meet one another in packing and covering theory; quantum fields, crystal
defects and mathematical pro gramming profit from homotopy theory; Lie algebras are
rele vant to filtering; and prediction and electrical en~ineering can use Stein spaces.
And in addition to this there are such new emerging subdisciplines as "completely
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integrable systems", "chaos, synergetics and large-scale order", which are almost
impossible to fit into the existinf, classifi~ation schemes. They draw upon widely
different sections of mathematics.
This book concentrates on the basic facts and ideas of the modern theory of linear
elliptic and parabolic equations in Sobolev spaces. The main areas covered in this book
are the first boundary-value problem for elliptic equations and the Cauchy problem for
parabolic equations. In addition, other boundary-value problems such as the Neumann
or oblique derivative problems are briefly covered. As is natural for a textbook, the main
emphasis is on organizing well-known ideas in a self-contained exposition. Among the
topics included that are not usually covered in a textbook are a relatively recent
development concerning equations with $\mathsf{VMO}$ coefficients and the study of
parabolic equations with coefficients measurable only with respect to the time variable.
There are numerous exercises which help the reader better understand the material.
After going through the book, the reader will have a good understanding of results
available in the modern theory of partial differential equations and the technique used to
obtain them. Prerequisites are basics of measure theory, the theory of $L_p$ spaces,
and the Fourier transform.
On Functions and Functional Equations introduces the main topics in iteration theory
and the theory of functional equations with emphasis on applications in the fields of
mathematics, physics, biology, chemistry, and electronics and mechanical engineering.
The book contains many classical results as well as important, more recent results. It
also includes numerous exercise and some problems that have yet to be resolved. The
book is accessible to readers having a secondary level mathematical education.
The stability problem for approximate homomorphisms, or the Ulam stability problem, was
posed by S. M. Ulam in the year 1941. The solution of this problem for various classes of
equations is an expanding area of research. In particular, the pursuit of solutions to the HyersUlam and Hyers-Ulam-Rassias stability problems for sets of functional equations and
ineqalities has led to an outpouring of recent research. This volume, dedicated to S. M. Ulam,
presents the most recent results on the solution to Ulam stability problems for various classes
of functional equations and inequalities. Comprised of invited contributions from notable
researchers and experts, this volume presents several important types of functional equations
and inequalities and their applications to problems in mathematical analysis, geometry, physics
and applied mathematics. "Functional Equations in Mathematical Analysis" is intended for
researchers and students in mathematics, physics, and other computational and applied
sciences.
This volume provides an extensive study of some of the most important topics of current
interest in functional equations and inequalities. Subjects dealt with include: a Pythagorean
functional equation, a functional definition of trigonometric functions, the functional equation of
the square root spiral, a conditional Cauchy functional equation, an iterative functional
equation, the Hille-type functional equation, the polynomial-like iterative functional equation,
distribution of zeros and inequalities for zeros of algebraic polynomials, a qualitative study of
Lobachevsky's complex functional equation, functional inequalities in special classes of
functions, replicativity and function spaces, normal distributions, some difference equations,
finite sums, decompositions of functions, harmonic functions, set-valued quasiconvex
functions, the problems of expressibility in some extensions of free groups, Aleksandrov
problem and mappings which preserve distances, Ulam's problem, stability of some functional
equation for generalized trigonometric functions, Hyers-Ulam stability of Hosszú's equation,
superstability of a functional equation, and some demand functions in a duopoly market with
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advertising. Audience: This book will be of interest to mathematicians and graduate students
whose work involves real functions, functions of a complex variable, functional analysis,
integral transforms, and operational calculus.
This textbook is addressed to graduate students in mathematics or other disciplines who wish
to understand the essential concepts of functional analysis and their applications to partial
differential equations. The book is intentionally concise, presenting all the fundamental
concepts and results but omitting the more specialized topics. Enough of the theory of Sobolev
spaces and semigroups of linear operators is included as needed to develop significant
applications to elliptic, parabolic, and hyperbolic PDEs. Throughout the book, care has been
taken to explain the connections between theorems in functional analysis and familiar results
of finite-dimensional linear algebra. The main concepts and ideas used in the proofs are
illustrated with a large number of figures. A rich collection of homework problems is included at
the end of most chapters. The book is suitable as a text for a one-semester graduate course.
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